Heavy-to-light form factors: sum rules on the light cone and beyond 
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We report the first systematic analysis of tlie off-ligfit-cone effects in sum rules for heavy-to-light 

form factors. These effects are investigated in a model based on scalar constituents, which allows a 

technically rather simple analysis but has the essential features of the analogous QCD calculation. 

The correlator relevant for the extraction of the heavy-to-light form factor is calculated in two 

different ways: first, by adopting the full Bethe-Salpeter amplitude of the light meson and, second, 

by performing the expansion of this amplitude near the light cone = 0. We demonstrate that the 

contributions to the correlator from the light-cone term = Q and the off-light-cone terms ^ Q 

have the same order in the l/rriQ expansion. The light-cone correlator, corresponding to x"^ — 0, 

is shown to systematically overestimate the full correlator, the difference being ^ Aqcd/iJ, with 5 

, the continuum subtraction parameter of order 1 GeV. Numerically, this difference is found to be 

. 10 ^ 20%. 
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' QCD sum rules on the light cone [ij have been extensively applied to various exclusive form factors, in particular, to 
' weak heavy-to- light transition form factors (see, e.g., Q). Within this method, the relevant correlators are obtained 
^ \ as power expansions in near the light cone (LC) = in terms of the distribution amplitudes of increasing twist. 
On ■ In practice, however, only few lowest-twist distribution amplitudes are known with a reasonable accuracy. Thus one 
' has to rely on calculations which take into account only lowest powers of , at most up to terms linear in , without 
, a systematic study of the effects related to higher powers of x"^ (0, 0] and references therein). However, the off-LC 
(x^ ^ 0) contributions to the correlator are not parametrically suppressed compared to the contribution evaluated at 
x^ — 0: for instance, Braun and Halperin Q studied the pion elastic form factor with light-cone sum rules and found 
that contributions to the correlator from terms corresponding to higher powers of x^ in the pion Bethe-Salpeter (BS) 
amplitude (0|T'it(x)7^t75d(0)|7r(p)) have in general the same ^ Ijq^ behaviour. As we show here, a similar situation 
occurs for the heavy-to-light form factor: the contributions to the correlator coming from the LC and the off-LC 
I terms in the BS amplitude of the light meson have the same dependence in l/mg, toq being the heavy-quark mass. 
Q-i, Therefore, relying on calculations performed at a;^ = does not seem to be safe and the effects of all powers of x"^ 
should be summed and taken into account in the sum rule. 

In this paper, we study the correlator relevant for the extraction of the heavy-to-light form factors with sum rules 
and propose a method which allows one to obtain and take into account the full x^-dependence of the BS amplitude of 
the light meson. For the sake of argument, we present the analysis for the model with scalar constituents, the heavy 
scalar Q of the mass mg and the light scalar ip of the mass m (which we name "quarks" throughout the paper). We 
' study the weak transition of a heavy spinless bound state Mq{Q(p) to the light spinless bound state M{(f(fi) (which 
we refer to as mesons) induced by the weak heavy-to-light Q ip quark transition. The analysis of this model is 
technically simpler but at the same time allows one to study some essential features of the corresponding QCD case. 
The paper is organized as follows: 

In Sec. m we consider the BS amplitude of the light meson '^bs{x,p) — {0\TLp{x)(p{0)\M{p)) and its expansion 
in powers of x^. In Sec. [21 we study the correlator i J d'^xexp{ipx){0\T(f{x)Q{x)Q{0)(p{0)\AI{p')), relevant for the 
extraction of the Mq M form factor within the method of sum rules. First, we show that the use of the Nakanishi 
representation for the BS amplitude of the light meson amounts to a summation of all the off-LC effects. We refer 
to the correlator obtained by this procedure as the full correlator. Second, we make use of the expansion of the BS 
amplitude near the LC and obtain a different form of the correlator corresponding to this LC expansion. We show 
that for the quark-quark interaction dominated by one-boson exchange at small distances (similar to QCD, where 
the interaction is dominated by one-gluon exchange) any term corresponding to (x^)" in the BS amplitude gives a 
contribution to the correlator which behaves as l/mg, independent of n. Keeping the term x^ — only, gives the LC 
correlator. We then discuss the procedure of making the Borelization of the correlator and obtaining the sum rule for 
the full and the LC correlators. Section [3] presents the numerical analysis of the full and the LC correlators for charm 
and beauty decays. It is shown that at ~ the LC correlator systematically overestimates the full correlator, the 
difference being numerically 10-^20%, independent of the mass of the heavy quark. Section [5] summarizes our results. 
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2. THE BETHE-SALPETER AMPLITUDE AND ITS EXPANSION NEAR THE LIGHT CONE 

The BS amplitude is defined according to 

*Bs(2:,p') = {Q\T^{x)^mM{p')) = -^{x^xp'.p'^ = W). (2.1) 

As a function of the variable xp' , the amplitude may be represented by the Fourier integral 

1 

*Bs(x,p') = j d£,eM-i^p'x)K{x\0. (2.2) 



where the ^-integration runs from to 1 as follows from the analytic properties of Feynman diagrams. Nakanishi 
proposed to parametrize the kernel K{x'^,£) as Q 

oo 



where the function G(z, ^) has no singularities in the integration regions in z and ^. The BS equation for the function 
^^BS leads to an equation for the function G(2;,^). 

The A:'-integral in (|2.3p is the second derivative w.r.t. p?' of the Feynman propagator of a scalar particle of massu 
[with /i^ = z + — ^(1 — ^)M^] in coordinate space. Making use of the explicit expression for this propagator [3], 
we obtain the following expansion near the light cone x"^ — 0: 



1 
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[1 - 2jE - log (-m'2;V4)] + 0{x^). (2.4) 



Interestingly, this is not a pure power series but it contains also terms involving log(— x^). Inserting (|2.4p into (|2.3p 
leads to the light-cone expansion oi K{x'^ 

K{x\i)^g^{i) -f x2[gi(e)+log(-a:2m2)/ji(0] +a;4[52(0+log(-x'™')/^2(0] +••• • (2-5) 
The functions and /in here may be expressed in terms of ^(z,^). For instance, 

oo 

5o(C) = t;^ f dzG{z,i) 







1 - 2^E - log 





oo 



4m2 



= / dzG(z,C)- (2.6) 



The presence of the logarithmic terms leads to complications: Let us go back to Eq. (|2.3|) and expand the exponential 
exp(— ifc'x). Only the first term corresponding to = (the light-cone) is finite, whereas all higher terms lead to 
divergent ^'-integrals; this is a consequence of the presence of the terms log(— x^). After performing the Wick rotation 
in the fc'-space, we may cut the fc^-integration at k'^ = A^. In this way, we obtain a regularized pure power series in x"^ 
for K{x^ , ^) and thus for ^bs{x,p'). The introduction of the cutoff A in the momentum-space integrals is equivalent 
to the introduction of a regulator A in coordinate space: 

\og{-x^m^) log(A - x^rri^). (2.7) 

The initial expansion (|2.5p is reproduced by setting A — > 0. For a nonzero A, we can represent log(A — x'^rn?') as a 
power series in x^ and insert this expansion in (|2.5|) . obtaining 

K{x\£,) = MO+^^^i(^,>^)+^'Ui,>^) + --- , (2.8) 
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with the first three distribution amplitudes given by 

MO = 50 (0, 
MtA) = .9i(0+log(A)/ii(0, 

MO A) - .92(0 + log(A)/i2(0 - jrn'hiiO- (2.9) 

As a result, instead of the series expansion for the BS wave function in terms of powers and logarithms of with 
finite coefhcients, we obtained a pure power series, in which only the first term, corresponding to = 0, is finite, 
whereas all higher distribution amplitudes depend on the regulator parameter A and become infinite in the limit A — > 
(A — + oo). The regularised LC expansion of the BS amplitude reads 

oo \ 

^Bs{x,p') = ^(a:')" / d^expi-tp'xOMO^)- (2.10) 

Notice that in our case the full BS amplitude does not depend on the regulator parameter A. However, any truncation 
of the series at some n leads to an explicit dependence of ^'Bs(a;,p) on A in such a way, that it diverges as A — > 0. 
The BS amplitude in momentum space reads 

1 oo 

*Bs(fc,p') = /.^.exp(.M*Bs(.,p') ^ ] jdi /-^- [. + ^.-e(l-OM--(fc-^y)--^0]3 - (2-1^) 



The kernel G(z,0 determines now the bound-state properties. For instance, the decay constant of a bound state M 
is given by the relation 

hi = (0|^(0)^(0)|M(p')) = *Bs(a; = 0,p')- (2-12) 
Performing the ^'-integration in Eq. (|2.3p for x — {) leads to 

1 OQ 



The light-cone wave function is related to the kernel G{z,^) as follows Q: 

oo 

^LciOki_)^Ol-0 I dz- ^l^'^l (2.14) 

Respectively, the distribution amplitudes 0„ may be calculated as A:^-moments of ^lc(Cj ^j_)- For the function (|2.14p . 
only the zero fc^-moment leading to is finite, all higher moments require a cut-off in k\ precisely as in ()2.9p . 

For the case of an interaction between the constituents via exchange of a massless boson, the solution to the BS 
equation in the ladder approximation takes a simple form : 

G(z, = S{z)G{0, G(0 = ^(1 - OfiO- (2.15) 

The function /(O here is a smooth function which takes finite nonzero values at the end-points. Only the end- 
point behavior is crucial for the heavy-to-light correlator, therefore the precise form of the function /(O and its 
normalization are not essential for our analysis; of importance for us is only the fact that /(^ = 0) ^ 0. Hereafter we 
just set G(0 = m^f (1 — and do not care about the overall factor cx /(O). This factor turns out to be the same in 
the full and the light-cone correlators which we calculate and compare in the next section. 

Closing this section, let us emphasize that the (5-functional z-dependence of the kernel G{z,£^) leads to a nontrivial 
A;5_-dependence of the light-cone wave function 

, (2.16) 

The l/k\ tail of the bound-state LC wave function is a consequence of the massless-boson exchange (and is similar 
in this respect to the power-like behavior of the pion light-cone wave function in QCD). 
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3. HEAVY-TO-LIGHT CORRELATOR AND THE DECAY FORM FACTOR 

In this section, we consider the correlator 

r(p',g') = I [ d^xeM^Px){0\Tipix)Q{x)Q{OMO)\M{p')) (3.1) 



and its Borel transform in the variable relevant for the extraction of the AIq — > M form factor. Since p'^ = is 
fixed, this correlator depends on the two variables p^ and q^. 

A. Borel sum rule for r(p^,q^) 

Making use of the hadronic degrees of freedom, by inserting the complete system of hadron states into the correlator, 
we obtain the so-called phenomenological representation for r{p^,q'^), which we denote by Fphcnlp^, q^)'- 



rphe„(p',(z') = J d^xexpiipx){0\ipix)Q{x)\MQip)) ^"j^ _ ^^ (A/q(p)|Q(0).^(0)|M(pO) + hadr. cont. 



1 f ds 

= FM,^M{q') ^^^,_^,_^^ fM,+ J ,_/_,o Aphen(.,g^), (3.2) 

Scont 

where Scont is the threshold of the hadronic continuum, containing the Afg-meson plus light mesons, i.e., MqM, 
MqMM, etc. states. Respectively, Scont = (AIq + M)"^ . The decay constant /mq of the Afg-meson is defined as 

/mq = (0|r^(0)Q(0)|MQ(p)), (3.3) 

and the form factor is given by 

FMQ^M{q^)^{MQ{p)\Q{Q)^{Q)\M{p')), q^p-p'. (3.4) 

Eq. (j3.2p gives the single dispersion representation for r(p'^, q^) in terms of the hadron degrees of freedom. 

One can calculate the correlator T{p'^,q'^) also by making use of the underlying field-theoretic degrees of freedom 
and obtain in this way a different — theoretical — expression for r(p^, 5^), which we call rth(?3^, q'^)- This expression 
may also be written as a single dispersion representation in : 



rth(p',g')= / Ath(s, 

J s — p- — iQ 



q'). (3.5) 



Quark-hadron duality [lo| postulates that Fth and Fphon are equal to each other after a proper smearing is applied 
to both of them. The smearing may be implemented, e.g., by applying the Borel transform j9|. Calculating the Borel 
image of Fth and Fphcn with the parameter such that l/(s — p^) — > exp(— s/2/i^), we obtain the sum rule for 
Tip^q^y. 



/mq FMQ~>M{q'^)exp{-MQ/2fi^g) + J ds 9{s - Scont) exp (-s/2ii%) Aphcn(s,g^)= J dsexp {-s/2^%) Ath(s,g^). 

(3.6) 

Let us ignore for a moment the dependence of A on and introduce the continuum subtraction point sq (an effective 
continuum threshold, different from the physical continuum threshold Scont) according to 

ds 0{s - So) exp {-s/2^1%) Ath(s) ^ J '^^ ~ '*™nt) exp {~s/2fi%) Aphcn(s)- (3.7) 

For sufficiently large s, one expects Ath(s) = Aphon('S) (up to oscillating terms [To|'). The region near the continuum 
threshold s ~ Scont is clearly below the duality region: recall that Aphon(scont) = 0, while Ath(scont) > 0. Thus, in 
the vicinity of Scont, Ath > Aphcn- As a result, the continuum subtraction sq as defined by p.7p depends on the Borel 
parameter (and on g^) and lies above the physical threshold: so{n%) > Scont- Then the sum rule (|3.6p takes the form 

/m« FM^^Aiiq^) = exp (A/2 /2^|) f th(A*|, g', so(mI, ?')), (3.8) 



5 



Q 



.9 



K9 



Q 



.9 



|Mfp'j) + l^^l Mfp'j) + Q 
Q 



-K9 



9 



tnnnnr 
mnnnr 



K 9 



Fig. 1: Feynman diagrams for the correlator r{p,q). The normal and bold lines denote the heavy Q and the light Lp particles, 
respectively, the wavy line corresponds to the scalar particle which mediates the Q-f interaction (a scalar analog of the gluon 
in QCD); \M{p')) is the state-vector of the ipip bound-state with the momentum p' . The contribution of the first diagram 
is expressable through the BS wave function of the light meson and the full Q-propagator. In the region of not very large 
q, <^ thq, the second and the third terms are suppressed by higher powers of the heavy-quark mass (l/mg and 1/mg, 
respectively) compared to the first term and will not be considered. 



with the correlator to which the s-cut is apphed (hereafter referred to as the cut correlator) 

fth(A^I,9^so) = y"ds6'(s < So) exp(-s/2^|) Ath(s,g^). (3.9) 
If one had known the /i^- and q^-dependent solution so(a*S'9^) (|3.7p . which encodes the full nonperturbative 



dynamics, the expression (j3.8p would have been exact. Taking sq constant makes it approximate. One may then 
impose the stability criterium which is expected to guarantee the extraction of the true form factor in several different 
ways (see, e.g., [i,|ll[ll). 

We shall now concentrate on different possibilities to calculate rth(p^, (f') and compare the corresponding results. 



B. Theoretical calculation of r(p^,g^) 

We now calculate this correlator using the underlying field-theoretic degrees of freedom, and denote the result as 
Fth- The corresponding Feynman diagrams are shown in Fig. [T] In the region of not too large timelike momentum 
transfer <C ™qj ^^'^ ?a:si diagram gives the main contribution whereas the contributions of the other diagrams 
are suppressed by higher powers of the heavy-particle mass mq. Neglecting the contributions of the power-suppressed 
diagrams leads to 

Fth(p',g') = I J dxexp{ipx)VQ{x){0\Tip{x)ip{0)\M{p')), (3.10) 
where Vq is the full propagator of the heavy quark. Approximating the full propagator with the free propagator gives 



rth(p',g') = 7Tr^ / d^kd^xexpitpx-ikx)— -{0\Tip{x)ip{0)\M{p')). 

We can proceed further in two different ways: 

A. First, the correlator (j3.1ip may be expressed in terms of the BS amplitude in momentum space 



(3.11) 



d^k- 



■^Bs{k,p') 



{p-kf 



zO 



(3.12) 



Making use of (|2.1ip gives 



rth(/,g' 



(27r)4i 



di / dz G(z, e) 



d*k 







[2 + m2 - ^(1 - ^)M2 - (fc - Cp')^ - W [mn - (p - k)^ - iO] 



(3.13) 
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Introducing the Feynman parameter a and performing the fc-integration, we find 

1 oo 1 

Tthb',?') ^ ^Jd^J dzG{z,0 J da{l-af- 







/^^(l — a) + rriQa — P'^a{l — a) 



2 ' 



ti^ = z + m^-ai-OM^, P^^p^{l~0-^{^-OM^ + q^^. (3.14) 
From this expression, it is straightforward to obtain the single dispersion representation for Fth in the form 

oo 

rth(/,g^)= / 7 5 —athis,q'^), (3.15) 

with 

1 oo 1 

"'''^^^ " 3^2 J JdzG{z,0 y5^(s-sa), 



f z + m^-APgi-O , ml \ 1 2 e 

Sa = + 7 + M ^-q -. (3.16) 

\ a 1 — a/1 — ^ 1 — 4 

The spectral density tTth(s,9^) vanishes at the lower limit of the s-integration at s = {mq +m)'^. Notice that the 
quantity m in the lower limit of the s-integration is the mass of the light spectator. For more details about the 
analytic properties of the three-point functions, we refer to p^ . 

Performing an integration by parts in p.lSp . we obtain the spectral representation in the "standard" form (j3.5p 
with Ath(s,g^) — ^crth(s, g^). The Borel images of the two representations (13.15^ and (|3.5p read, respectively, 

oo 

rth(MB;9^) = / dsexp{~s/2fi%)ath{s,q'^) (3.17) 

and 



fth(M|,'?')= J dsexp(-s/2^|)Ath(s,g2). (3.18) 

When the s-integration extends to infinity, the equality of both formulas is demonstrated by integration by parts. 

We now want to obtain the cut Borel image of Eq. p.9p . Recall, that the cut at sq is applied to the Borel transform 
of the spectral representation for the correlator in the form (j3.1ip . Then, the relation 

so so 

J (iscxp(-s/2^|)Ath(s, g^) = J dsexp(-s/2^|)CTth(s, g^) + exp(-so/2/i|)CTth(so, g^) (3.19) 

(mQ+m)2 (mQ+m)2 

leads to the appearance of an additional surface term in the cut spectral representation of the form Eq. (|3.17p : 

So 

^th(A^B7?^so) = TT^ I dsexp(-s/2^^)CTth(s,g^) +exp(-so/2/x|)ath(so,9^)- (3.20) 



,2 

; 

(mQ+m)2 



Moreover, if one works with the Borel image in the form (j3.20p . the surface term gives the main contribution to the 
correlator for large values of ^b- 

The sum rule for the form factor can now be written in two equivalent ways: 

1 7 f s-M^\ ( sa-Ml\ 
hiQFMQ^M{q ) = J dsexp I — j (Tth{s,q ) +exp I ^ — I <Tth{so,q ) (3.21) 



(mQ+m)2 



dsexpl I Ath(s,<?'). (3.22) 
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B. Another possibility to calculate rth(j3^,(?^) is to substitute the light-cone expansion of ^bs{x,p'), Eq. (|2.10p . 
into Eq. (jXTT]) : 

oo 1 

rth(p',g') - / d^kd^xexpiipx-ikx)— / dieM-ip'xOMi:>^)- (3-23) 



The functions <^i(^) are related to G(z,^) via Eqs. (|2.6p and (|2.9p . Performing the a; and k integrations gives 



1 



8mi 



niQ- {p~ ip'Y 



(3.24) 



Here {p — £,p'Y — + This series p.24p may be written as the series of spectral representations 



oo oo 

T..{p\e) = j ^A(°)(.,a + / 

with A*^") calculable via (/>„. For instance, for — Q one finds 

1 



ds 



{s — p^y^ 



s,q 



(3.25) 



> '/'i(r,A) 



AW(s, g2 = 0) - —(1 - r)0o(r, A), A(i)(,s, g2 = 0) = 
The corresponding uncut Borel image reads 

oo oo 

fth(M|,g')= j dseM-s/2^Il)A<^°\s,q') + ^^^^ J dseM-s/2fil)M'\s,q 
or, equivalently, 



(3.26) 



(3.27) 



rth(Ai|,9^) = 



with 



MO 



rn^^i(C^ 
Ml (1-0^ 



cxp(-S4/2^|), 



1-e 



(3.28) 



(3.29) 



In ()3.27p and ()3.28p the dots stand for terms corresponding to higher n. Clearly, their contributions are suppressed 
with powers of the Borel parameter /i^ and vanish in the limit fig — > oo. 

Usually, the Borel parameter has the following dependence on the heavy quark mass: /i^ = rnqfj [3], where (3 stays 
finite in the limit toq — > oo. Then, the terms corresponding to higher n are not suppressed at mg oo. 

Now, let us consider the cut Borel image of Eq. (|3.25p . As explained above, the cut is applied to the dispersion 
representation in the form (|3.1ip . Therefore, if we want to work with the spectral densities A*^*-*, we should take into 
account the surface terms, similar to Eq. (|3.20p . The cut Borel image takes the form 



So 

fth(Ai|,'?',so) = J dsexp(-.s/2M|)A(o)(s,g2) 



(3.30) 



ds exp(-s/2^|)A(i)(s,g2 



aA(i)(so,g^) , AW(so,g2) 



dso 



(2ms) 



exp(-so/2/x|) 



-|-contributions of terms corresponding to higher n. 
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Making use of the distribution amplitudes 0„, we rewrite the correlator (|3.30p as 



JL 



3(0 



4exp(-so/2/i|) 



Mi (1 - 0' 

01 (Co) ^ '/'UCo) ^ 
"^Q 4/x|(l-fo) 



exp(-s^/2^|)6'(s5 < So) 



So 



(3.31) 



where = 1 ~ '^q/^o a-nd • • • stand for contributions of the terms corresponding to n > 2. 

The light-cone correlator corresponds to the first term in the expansions p.30p and p.3ip . calculated with the cut 
parameter Sq'~^ specific for the LC approximation (see the next section for details): 



'■0 i 

rLc(M|,9',4'')= / dsexp(-s/2Ai|)AW(s,g2)^ J Ji_^^^^) eM-s^/2fil)9{s^ 



< s, 



(3.32) 



Keeping only this term leads to the following sum rule: 



fMQFMQ^M{q^) 



kiO exp 



2fi 



9{s^< 



„LC\ 



(3.33) 



Let us study the conditions under which the contributions of higher n are parametrically suppressed compared to the 
contribution of the light-cone n = 0. 

1. The heavy-meson mass is related to the heavy quark mass by Mq = mq + eq, eq ~ Aqcd- One can then check 
that the dominant contribution to the integral comes from the end-point region ^ ^ AqcD/mg. Therefore, in order 
to have contributions of higher n suppressed by powers of l/mg compared to the n = contribution, one needs, e.g., 
the following end-point behavior: 



n+l 



Such a behavior can be obtained, e.g., for the light-cone wave function 



*Lc(C,fci) = expl 



-fci/2/3U(l 



0) 



(3.34) 



(3.35) 



/3m being the size parameter of the light meson. In this specific case the functions (j>n{£,) have the necessary behavior 
p.34p in the end-point region. However, for realistic wave functions obtained as solutions to the BS equation, the 
distribution amplitudes 0„(C) for different n have a similar behavior in the end-point region and therefore the LC 
expansion for the form factor has no small parameter. In this case, the term n = is not parametrically enhanced 
compared to terms of higher n, and, in order to obtain the form factor, terms for all n should be summed. In other 
words, the transverse motion of the light quark is essential, the longitudinal light-cone distribution amplitude go{£,) 
is not sufficient, and the knowlegde of the full wave function \E'(f , k±) is necessary to obtain the B ^ M form factor. 

2. One might expect to have a power suppression of the off-LC terms corresponding to n > 1 in the limit /is ^ oo, 
within the "local-duality" sum rule p^ . taking into account that in standard SVZ sum rules the choice /is — s- oo 
suppresses condensate contributions. Within the context of light-cone sum rules, the limit /Lts ^ oo is, however, tricky: 
In the uncut light-cone correlator the limit hb oo indeed suppresses the off-LC effects {x^ ^ terms). However, 
after applying the cut, this property is lost: obviously, the surface terms in the cut correlator p.30p corresponding 
to n > 1 remain finite in the limit /i^ oo and can give a sizeable contribution. There is also another subtlety: A 
specific feature of the local-duality sum rule is that the observables are determined to great extent by the value of 
the continuum subtraction point sq. Therefore one cannot apply the standard sum-rule stability criteria to extract 
the physical value of an observable. Nevertheless, assuming the duality interval to be process-independent and fixing 
So from one observable allows one to predict other observables.^ However, as we shall see in the next section, when 



1 We have shown recently that the local-duaUty sum rule should provide a ] 
momentum transfers [l5| . 



;ood description of the pion elastic form factor for all spacelike 
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the standard criterion to fix the continuum subtraction sq is apphed, its value for the full and for the LC correlators 
turn out to be different from each other. 

Finally, we conclude that for the realistic case of the interaction dominated by one-boson exchange at short distances, 
the LC contribution does not dominate the cut correlator parametrically, i.e., the ofF-LC terms are not suppressed by 
any large parameter compared to the LC term. To understand how well the LC contribution numerically compares 
with the full result, we calculate the correlator Fth, Eq. ()3.20|) . and the LC correlator, Eq. (|3.32|) . making use of the BS 
wave function obtained as solution to the BS equation with a realistic potential dominated by a one-boson exchange 
at small separations. 



4. NUMERICAL RESULTS 



In this section we address the case = 0, and therefore do not write explicitly the argument q^. For the BS kernel 
G(z,^) — m^(5(z)f(l — it is straightforward to calculate the spectral densities Ath and Alc- We shall analyse the 
correlators for the light meson in the final state. We may therefore set M = and find 



S' 

2 



{niQ + m^)A^/^(s, m^Q,m^) -|- Amnm'^ log 



s — ttIq — + A^/^(s, uiQ^m'^) 
2mQm 



(s- (mQ + mf), 



Alc(s) = '^' e{s-ml). (4.1) 

Here A(s, rriQ^m^) = (s - tuq - w?Y - AmQ-ni'^ and Alc(s) is just A(°)(s, = 0) of Eq. p.25p . Clearly, in the limit 
m —^ 0, both quantites coincide. Notice the relation 



oo oo 

J dsAth(s) = J dsALc(s), 



(4.2) 



which can be checked explicitly. 

Let us now discuss the values of the parameters to be used in numerical estimates. 

For the heavy-quark mass the situation is obvious: to study the beauty-meson decay, we choose the value mg = 4.8 
GeV used in light-cone sum-rules [1, Ql ■ The same value is employed in quark- model calculations [l^ . To describe 
decay of the charm meson, we set mg = 1.4 GeV according to sum rules [17| . 

The relevant choice of the light-quark mass parameter m requires clarification. Our interest is to understand with 
the help of the simplified model under consideration the corresponding QCD calculation. We therefore choose the 
numerical parameters relevant for QCD. Since the light-quark mass parameter m appears in the framework of the 
BS equation, it should be understood as the effective quark mass which takes into account nonperturbative effects 
related to spontaneous chiral symmetry breaking in the soft region, i.e., the constituent quark mass. In [H, H^, the 
constituent quark mass was calculated through the quark condensate in QCD with the result m ~ 220 MeV at the 
chiral-symmetry breaking scale 1 GeV. The scale-dependence of the constituent mass of the light quark above 1 GeV 
was also reported in jl^ . In sum-rule analyses [1, 0] it was found, that the relevant infrared factorization scale for 

a heavy-meson decay is ^ Mq — ttiq . We therefore make use of the constituent quark mass evaluated at this scale. 

Employing the results from [iSj, we find the relevant value of the constituent mass of the light quark m = 150 MeV 
for beauty-meson decay, and m = 200 McV for charm-meson decay. These values of the quark masses will be used in 
numerical estimates below. 

Fig. [5] shows the quantities TOgAth and TOqAlc for two cases: (a) niQ — 4.8 GeV and m = 150 MeV relevant 
for i3-decay and (b) toq = 1.4 GeV and m = 200 MeV relevant for Z3-decay. Important for the following is that 
the thresholds in Ath and Alc do not coincide: in the light-cone spectral density the threshold is niQ whereas in 
the full spectral density it is {mq + raf' . The region near the threshold provides the main contribution to the cut 
Borel-transformed correlators, therefore the mismatch of the thresholds is responsible for the nonvanishing of the 
off-light-cone effects in sum rules. 

Let us briefly address the uncut Borel-transformed full and LC correlators 

oo oo 

fth(/4)= j ds exp(-s/2Ai|)Ath(s), Ti^df^l) ^ J ds expi^s/2fi%)Ai^cis). (4.3) 
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Eq. (|4.2p shows that for large values of the Borel mass /is these two quantites coincide. The same conclusion may 
be obtained directly from Eq. I|3.27p : the terms proportional to the off-LC distribution amplitudes are suppressed 
by powers of the Borel parameter /x^. Thus, in the case of the uncut Borel transform there is a clear limit — large 
values of the Borel parameter — in which the off-LC effects vanish, independently of the specific value of the light- 
quark mass. However, the uncut Borel-transformcd correlators contain contributions of all possible hadronic states 
containing the heavy quark, and therefore cannot provide information on the properties of the single heavy meson. 

Now, let us study the cut Borel-transformed correlators which are relevant for the extraction of the form factors 
within QCD sum rules. We shall see that for the cut Borel-transformed correlator the situation is different: namely, 
there is no physical limit in which the off-LC effects are negligible.^ We introduce the parameters 6 related to the 
continuum subtraction Sq by 



So = [mQ + 5)"^. 

To fix (5, we follow the standard procedure namely, we require that the quantity 



(4.4) 



(mQ-|-<5)- 



{s{P,q\5)) 



dsexp - y 1 . „2 



2[i 



2 - I sAis,q') 



{niQ+Sy 



dsexp - y 1 A^„ „2 



2^ 



2- ] ^i'^r) 



(4.5) 



reproduces the heavy-meson mass, i.e. 



(4.6) 



both for the LC and the full spectral densities, where siow = itiq for the LC correlator and siow = {mq + m)'^ for 
the full correlator. The quantity S as defined by (|4.6p depends on and fXB- Eq. (|4.6p is just the definition of the 
implicit function (5(g^,/Lt^). Such a procedure of fixing S for the hght-cone correlator was employed e.g. in [1]. Recall, 
however, that there is no unique way to fix 6: one may require instead that (s") = {Mq)^ for n > 1. Moreover, since 
the spectral densities and the thresholds in Eq. (|4.5p are different for Sth and Shc, also the numerical values of Sth 
and (5lc obtained from Eq. (|4.6p arc different. We discuss here only the case — 0. Taking into account the lack of 
a unique way to introduce S, we shall not consider the /is-dependent Sth and (5lc- We rather determine the constant 
values 5th and 6hc such that the relation (|4.6p is satisfied only for one specific value of /3. 



mQ^A(s) 

0.2r 
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s, GeV^ 
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Fig. 2: Spectral densities mQAth(s) (solid red line) and mQALc(s) (dashed blue line) for parameter values corresponding to 
beauty-meson decay, mq = 4.8 GeV, m = 150 MeV (left), and to charm-meson decay, mg = 1.4 GeV, m = 200 MeV (right). 



As we have seen, the full and the LC spectral densities coincide in the limit m — > 0. However, the parameter ra should be identified 
with the effective quark mass, which stays finite of order Aqcd in the chiral limit. Therefore, the limit m — » does not correspond to 
a realistic situation. 
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Fig. 3: Plots for the parameters corresponding to beauty-meson decay mg = 4.8 GeV, m = 150 MeV and S fixed by tuning 
\/Js) to Mq = 5.27 GeV at two different values of /3: The plots in the left column correspond to (5lc = 0.96 GeV and 5th = 0.79 
GeV, which are obtained from the relation ^ {s)lc ~ \/ (s)th = 5.27 GeV for — and /3 = 0.5 GeV; the plots in the right 
column correspond to 5lc = 0.755 GeV and 3th ~ 0.69 GeV, which are obtained from the relation \/(s)lc = \/ (s)th = 5.27 
GeV for = and /? = 4 GeV. First row: \/(s)th (solid red line) and {s)lc vs /3 (dashed blue line). The horizontal (green) 



rth(/3, g^(5th) 



line is Mq = 5.27 GeV. Second row: r{P,q^,5) vs /3 [^J}] at = 0: 
(dashed blue line). Third row: The ratio f th(/3, g', 5th)/f lc(/3, g', Slc) vs /3 for = 0. 



(solid red line) and rLc(/3,? ,<5ti 



Fig. [3] presents the numerical results for beauty-meson decay: Mq = 5.27 GeV, mg — 4.8 GeV and m — 150 MeV. 
We plot the Borel curves for the full and for the LC correlators for two different values of 5: The left column shows 
the results for <5th = 0.86 GeV and (5lc = 0.96 GeV. In this case, the relation (14. 6p is fulfilled at the relatively low 
value (3 = 0.5 GeV: namely, y/ (s)lc = y/ (s)th = 5.27 GeV for — and /? = 0.5 GeV. The right column present the 
results for (5th = 0.72 GeV and (5lc = 0.755 GeV. In this case, ^(s)lc = \/(s)th = 5.27 GeV for = q and /3 = 4 
GeV. The first row shows (s(/3, (5)) calculated with the LC and the full correlators vs f3. The second row presents 
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Fig. 4: Plots corresponding to charm-meson decay raq = 1.4 GeV, for 5 fixed by tuning \J (s) to Mq — 1.87 GeV at /3 = 2 
GeV, and for two different values of the light-quark mass: m = 200 MeV (left column) and m = 100 MeV (right column). 
First row: \/(s)lc and ^ (s)th [Eq. (|4.5|l ] vs /9. The horizontal (green) line is Mq = 1.87 GeV. The parameters (5lc = 0.93 
GeV and (5th = 0.72 GeV for m = 200 MeV (left column) and 5th = 0.85 GeV for m = 100 MeV (right column) are obtained 
by requiring that at = and /3 = 2 GeV ^(s)lc = x/{s)th = 1.87 GeV. Second row: V{P,q^,S) [Eq. HJ])] at = 0: 
rth(/3, f?^, 5th) (solid red line) and t'i^c{P,<f ,5i^c) (dashed blue line). Third row: The ratio f th(/3, g^ 5th)/f lc(A '^^ S-Lc) at 



the quantity 

r(/3,g^,<5) = mgexp f ^-^ j f(/i|,g2,so), fi^^^rngP, sq = (mg -f (5)^, (4.7) 

for the LC and the full correlators. Finally, the third row gives the ratio of the full to the LC correlators. 

Fig-Hlgives the results for charm-meson decay: Mq = 1.87 GeV, mg = 1.4 GeV and m = 200 MeV (left column). 
To illustrate the influence of the light-quark mass on the off-LC effects, we present a lso the re sults for m — 100 MeV 
(right column) . The continuum subtraction parameter S is fixed from the relation (s(/3, S)) = Mq at /3 = 2 GeV. 
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To show the origin of the difference between the cut full and light-cone correlators, we consider the limit tuq 
and fj,B oo, with fig ^ mg. In this case explicit expressions for the correlators may be obtained: 



oo,q =0, (5lc) 
^ oo, = 0, Sth) = 2(5, 



0{Slc/mQ), 





log 




+ 1 











(4.8) 



For [iB^ "niQ iP ™q)i the uncut and the cut correlators (both full and LC) behave quite differently for large toq: 



oo, m^) 



0(1), T{^il^^,ml,S)^OiSyml). 



(4.9) 



Thus, the cut correlator picks up only a small fraction of the full correlator from the region not far from the threshold. 
(For P toq, both the cut and the uncut correlators have a similar behavior ~ l/mg.) 

Now, fixing 5th and 5hC according to the standard procedure (|4.6p . we express these quantities via the binding 
energy of the heavy meson eg defined according to Mq ~ mq + eq:^ 

3 



Oth 



2^Q 



2m^ 
3eQ 











- 1 


+ 









leading to 



and thus 



2 fi 

mn^ 



WQfth(M 



fth(Ml 



(/i| ^ oo,g^ = 0,(5lc) 



2^^ 



0, <5th) 



0,(5, 



rLc(M| ^ oo, g2 = 0, (5lc) 



4m^ 



6m log 



log 



/_3eQ_ 

3£q 



(4.10) 



(4.11) 



(4.12) 



In the expressions above the dots denote terms containing higher powers of mj eq. This example illustrates that the 
off-LC effects may play an essential role in the cut correlators, as their contribution is not suppressed by any large 
parameter: the quantites m and eq have the same order of magnitude. 

Let us emphasize that we compare the full and the light-cone correlators evaluated at different values of the cut 
parameters 5lc and (5th. From our point of view this very comparison is relevant if one wants to understand the error 
due to taking into account only the light-cone (x^ = 0) contribution to the correlator and neglecting terms containing 
higher powers of . 

One could also compare the correlators for the same value of 6. The difference between the full and the LC 
correlators is only shghtly reduced in this case, the ratio still remaining 0(m^/(5^). This can be seen by setting 
(5lc = in ^M- 

The following lessons may be drawn from the results presented in this section: 

a. The off-LC effects play an essential role in the cut correlator, as they are not suppressed by any large parameter. 
Numerically, the difference between the full and the LC correlators, evaluated at the same value of the Borel 
parameter, is 10-;-20%. This difference is due to the off-LC effects. 

b. The functions Ti^ciP) ^-nd Tth{P) have the same shape, but Ti^c{(3) lies well above rth(/3), if the standard 
procedure of fixing (5lc and i5th (j4.6p is used. The values of both (th and LC) correlators obtained with 5th 
and 5lc tuned at /3 = 0.5 GeV (left column in Fig. [3]) are greater than the values of the respective correlators 
obtained with 5th and 5lc tuned at /3 = 4 GeV (right column in Fig. [3]). The local stability is better when one 
fixes 5 from (|4.6p at a larger value of /3 (right column in Fig. [3]). In this case, both Borel curves for Flc and 
Fth show a good stability in /3. Nevertheless, still Flc is much larger than Fth! This illustrates that the Borel 
stability per se does not guarantee the extraction of the correct physical value. 

c. The difference between Flc and Fth increases with increasing mass of the light quark. Therefore, this difference 
is expected to be greater for the heavy mesons Bs and Ds, containing the strange s-quark, than for B and D. 



^ Notice that (5lc turns out to be different from (5tij. This has the following origin: If we inclu(ie A'^ terms in the LC expansion of the cut 
correlator 113.3011 . cut them at , and determine the latter from Eqs. 114.51 1 and 1 14.611 . then lim S^j^ = Sth- Since we have included 

only one (n = 0) term, we obtain =i (S^h . 
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5. CONCLUSIONS 

In this paper, we studied the correlator 

i J dxexp{ipx){0\Tip{x)Q{x)Q{0)ip{0)\M{p')), 

which is one of the basic objects for extracting the heavy-to-light form factor within the method of sum rules. We 
have shown that to leading l/mg-accuracy this correlator may be calculated through the BS amplitude of the light 
meson 

{0\T^{xMO)\M{p')). 

Expanding the BS amplitude near the light cone x^ ^ generates the light-cone expansion of the correlator. 

Making use of the Nakanishi representation for the BS amplitude,^ we obtained dispersion representations for the 
full and the LC correlators in terms of the kernel G{z, ^) of the Nakanishi representation. We studied the full and the 
light-cone correlators and their Borel transforms depending on the properties of the kernel G{z,£,). 

We then made use of the known solution for G{z^ ^) in a model with light scalar particles interacting by an exchange 
of a massless boson. This relatively simple model provides a good laboratory for studying QCD since the corresponding 
bound-state wave functions have properties similar to the properties of hadron wave functions in QCD. We calculated 
the full and the light-cone correlators and their Borel transforms in the variable p^, and studied these correlators for 
various prescriptions to fix the heavy-hadron continuum subtraction and in various regions of the parameters relevant 
for extracting the heavy-to-light form factors. This work thus represents the first systematic study of the off-light-cone 
effects in QCD sum rules for heavy-to-light form factors. 

Our main results may be summarized as follows: 

1. We have seen that — after performing the Borel transform — the light-cone correlator provides numerically the 
bulk of the full correlator, although parametrically the off-LC effects are not suppressed compared to the LC 
contribution. This observation holds for various prescriptions of fixing the heavy-hadron continuum subtraction 
point (i.e., a cut applied to the correlator for isolating the contribution of the heavy hadron of interest in the 
initial state) and a wide range of masses of particles involved in the decay process. 

2. We demonstrated that, nevertheless, the difference between the cut full and the cut light-cone correlators always 
remains nonvanishing. For example, fixing the continuum subtraction points the by standard criteria, we have 
found the following relation for the cut Borel transforms of the full and the LC correlators for mg — s- oo, 
/^B — > oo, and = 0: 

f ^ oo, = 0, ^th) =,_^,^J^)+...^ (5.1) 

the correction being always negative. Here m is the effective constituent mass of the light quark, which emerges 
from the BS equation, m ~ Aqcd, and eg is the binding energy of the heavy meson Mg = mg-|-eg. Taking into 
account that the constituent quark mass remains finite in the chiral limit, we come to the following important 
conclusion: In heavy-to-light decays, there exists no rigorous theoretical limit in which the cut LC correlator 
coincides with the cut full correlator. 

Thus, the off-light-conc effects in sum rules for heavy-to-light correlators are not negligible and should be taken 
into account. 

3. We note that the Borel curves for the full and the LC correlators have similar shapes. However the light-cone 
correlator systematically overestimates the full correlator, the difference at small being 10 20% in a wide 
range of the heavy-quark mass relevant for charm and beauty decays. We want to point out that the similarity of 
the Borel curves for the full and the LC correlators implies that the systematic difference between the correlators 
cannot be diminished by a relevant choice of the criterion for extracting the heavy-to-light form factor. 

The observed effect might suggest a systematic uncertainty in the results for form factors obtained within light- 
cone sum rules. As follows from the relation (|5.1[) . this uncertainty is expected to be larger for decays of heavy 
mesons containing the strange quark, and than for the B and D mesons. This issue deserves further 
investigation. 



The Nakanishi representation leads to technical simplifications, but conceptually any other form of the BS amplitude may be used. 
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Finally, we point out the following: Although the model, discussed here, in many aspects differs from QCD, this 
model mimics correctly those features which are essential for the effects discussed. Therefore, many of the results 
obtained in this paper are valid also for QCD. In particular, the expression l|5.ip suggests the following relationship 
between the light-cone and the full correlators in QCD for large values of mq and ^b'- 



In numerical estimates, we used the parameters relevant for B and D decays. We therefore believe that also the 
numerical estimates for higher-twist effects obtained in this work provide a realistic estimate for higher-twist effects 
in QCD. 
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